
2-countingand Probability



Reviewof factorial /
define :

lef: For integers ny
,
o

Entern ! = E
I if n = 0

E
2 ! = 2 . 1 !

= 2 . 1 = 2[3 ! = 3 . 2 ! = 3
. 2 . 1 = 6

4 ! = 4
. 3 ! = 4 . 3 . 2 . 1 = 24

S ! = S . 4 ! = 5 . 4 . 3 - 2 . 1 = 120

this '

Ex: We can do
stuff like

Weill

10 ! = 10 . 9 . 8 . 7 . 6 . 6 . 4 - 3 - 2. do[ this

= 1009 : 8 · [7 ! ) alot



&hein counting principle

If r experiments are performed
in a row such that

the first

experiment may
result in R

possible outcomes ;
and if for

each of these
n
,
possible

outcomes there
are

ne possible

outcomes for
the second experiment;

and if for
each of the

possible outcomes
of the

first

two experiments
there are

as possible outcomes
of the

third experiment ; and
if, ..., then

there are

R , My
... Mi

for the experiments .
possible Outcomes



Ex : Suppose we
toss a Coin

and then roll a
4-sided die

How many possible
outcomes

are there ?
· (H , 1)

(H ,
2)H-

(
,& n

, °n2

(H,4)Y

(T
,

1) overall

- possible

- (T
, 2) Outcomes

+(T, 4)
=4)



Another way to write :

means
means 1

,
2
,
3, 00 4

H or T

- -

H/T
-
1

12 , 3, 4

2. 4 = S

possibilities possibilities



Ex : In California
,
a licence

plate consists of one

number (0, 1 ,
2
,
3
,
4
,
3
,
6
,
7
,
8
, or

9)

followed by three upper-case

letters , followed
by three

numbers.

The only exclusion
is that the

letters I , O,
and Q are

not

used in spot 2
and spot

4.

Examples are :

S(#111]
21 123

How many possible license plates
are there ?



letter

#↑ ↑ T
↑t
E263 = 2)

total # of possible
license plates is

10223



thdayParadox

Suppose there are N people in

a classroom .

What are the

odds (probability) that

there are
at least two

people with
the same

birthday ? (This
means

Month & day , not
necessarily

year ,
such as at leastw /4)

Assumptions :

Thewill assume that no
one has a

Feb 29



leap year birthday.

② We will assume
that

each day is equally likely

③ Assume NE365
because

if N7365 then the

probability is 100 %

-

Let's figure out the

sample space .

What if N
= 3 ?

S = & (date l , date2 ,
date 3)) data



=E(April 1, Alo, E3)g
u Student 2 Student 3
student

(Jan 17,S,4)I-

Student 1 Student 2 Student 3

En15,3, Igstudent
Student 2 Student

·.. 3
Then
,
151 = 365 . 365 . 365

= (365)3
For general N ,

the size of

the sample space is (365)N



365 365 365

possibilities
· possibilities
-

·possibilitiea--

Student 1 Student2

Let E be the event that

there are at least
two

people with the
same

birthday.

This is too
hard to count.

So instead we
count E

which is the event that

no
one

has the same
birthday

Let's count the
size of E

365 364 363 365-(N-1)

possibilitiessibilitieslibilitie. . .↑Frdent N-

↑ ↑ P

I



Can't have

as·iti
So ,

IE) = 365 : 364 : 36300 (365 -1 - 1)

-
Thus, ⑭lastweek
S

P(z) = 1 - P(z)

=1-- &# equally



=l - 350364
. 363(3SN

=



See

full table

on then=[
/89. 129.%
-97. 049



-

·kitcM-



Emutations
Suppose you have

n objects.

A permutation
of those
-

n objects
is an

ordered

list of
the n objects .

-

EX : What are all
the

-

permutations
of a

,
b
,
c ?

ermutations:
other way :

abct (a ,
b
,
c

acb (a , 46)

bacene (b ,
a
,
2)

ba- (b , < , a)

cab- ( , a, b)

cha (c ,
b
, a)



u un

simpler math way

to make
way

ordeter

6 possible permutations .
ab abC

a
& ach
-a-

ba bas
--6 ba--

& a
cab
-

-ch cba
-

3 choices
. I choices : I choice



3. choices nice
Ahoices-

3 . 2 . 1 = 3 ! possibilities

--

In general, there

are n ! permutations
of a objects

-e I
n n - 1 n - 2

-

-

--

-



Combinations
Consider a

set of size n.

The number of
subsets of

size- where OrEn
is

look
at

( r )= Springa
L [read : for

"n chooser" formaaction

This is the same as the #

of ways that r objects

can be selected/chosenI
order doesn't matter

&from n objects where



roof: There are

1·
..... (m+)

ways
to write all permutations

of

r of the n objects .

Then divide

by r !
to remove all

the double counting .

This gives

-)()(
= (

ways
to pickr of the n

objects

where order
doesn't matter . #



Exi

Suppose a dealer has the

following cards :

⑮
How many ways

can
the

dealer deal you two

these four ?
conds from

Ex:[order doesn't
matter



mulawayMossibilit
a

house2

g(2)
=possibi⑮
=i

⑭ =
⑳ =⑳



Ex: A dealer has a

Standard S2-cand
deck

,

They deal you
5 cards.

How many possible hands

can you yet ?

hand:D
Royal Flush !

!

Awe
=



=
= 13 - 17 . 10 . 49 . 24

=8
,
960

Website- Show CA Superletto
Plus website

#deo-Show
CA Super

lette Plus

selection
of #S Video

~
websitefoteis



Superlotto Ple
A ticket

consists of :

· 5 "lucky" numbers chosen
from 1-47-· 1 "Mega" number

chosen from 1-27

· No repeats in
the lucky

numbers -

be the

But the mega
number can

same as
a lucky number .

· Order of Lucky
#s doesn't matter

.

It's always in numerical
order

on the ticket .

Exampletickets :

⑦ Tickett[
ex

- # (
lucky #S



D ketW- ~lucky #S Megan #2

How many possible tickets
are there ?

If you
want to think of a

sample

space of all possible tickets :

S =25, 13, 18, 23,403, 23)g
ticket I

&4 , 2 , 3, 4 , 33, 6) + 00 ]
ticket 2

lots
more

How many possible tickets



(45) . (2)
- -

# of ways ways

to pick 5 to pick

lucky #S I Mega #

from 1-47 from 1-27

·
27

= 27

nJThat is, (7!]
(i) = n



23911
*+46 .4 . 44 .43! )

· 27=

(4.X.3:2)

=
47 : 23 . 3 . 11 . 43 . 27

46, 353 possible tickets

& What is the probability that

if you buy one ticket you will

get the 5 lucky #S correct

and the mega #
correct ?

I

#
16 ,
353

0 .
00000002414.

~ 0
.
000002414 %



is the probability

& What thethe odds of getting

exactly 3 of the 5 lucky #S

and not the mega #8

#'s drawn by the[magical lotterymachine

③
-zIlucky #S mega

&iHow many tickets will get exactly
want

3 of the 5 lucky#s
and not ticket

in
the mega ?5= 42 this

group

(5) · (E) · 2) =
-m
choose 3 of choose 2 not picking)the S winning non-winning Winning



lucky #S lucky #S Mega #

/
- :6
·
=! 26

=
= (10) (861)(26)
=,860 tickets



probability=38
~ 0

.
00540511 ...

0511%

lottery website says the

probability is

= 0
.

00540541 ...



Ex: Suppose five 6-sided

dice are
rolled. What is

the probability that
exactly

two of the dice
have

6's showing

**WdieI die 2 dies die4 dies

Samplespace size :

6 666 6

&ossibilitieshilitieshisbitibil
is

= 6 . 6 . 6 . 6 . 6 = 65
=76



Aow many rolls
have exactly two 6's ?

Step1 : Choose two
of the dise

to get the
two 6's.

Thereore (5) = 10 ways to do
this

iziesitits
2: Fill in the non-6's.

5
S

&iis
Thereore 53 ways to do this



2

53 possibilitie#
--

E - Es#66ES

66 = S
-----

--
Step 1 : (2) = 10 possibilities Step 2 :

53



Answer:IsI
~ 0

.
16075 ...

= 16 %

chance you yet exactly
two 6's



problem-
① Suppose you are

dealt

2 cards from a standard

52-card deck ,

(a) What's
the probability

that both
cards are aces ?

(b) What's the probability
both cards have theL
same face value (or

rank) ?

Hw also has part (2) blackjack question

The sample space size is the

total # of 2-card hands .

It is



52.(52)=
= 26 . 5)

litt =/⑮D

(a) How many
hands have

two aces ?

I⑭ I
#

3 und7D



orUse choosinga

⑮
(2)=

the probability of getting
two aces is

= 0 .
00452 ...

= 0 .
452 %



(b) Need to count the #

of hands with both
cards

same face value .

Step 1 : Pick the face value

A
,

2
,
3
, 4 ,

3
,
6
,
8, 8 , 9, 10, 5, Q, 1[# possibilities in Step 1 : (13) = 13

Ki7 T

FStep 2 : Pick
two suits

1
, 1 , 8, 7dog



# possibilitiesL: (2) = 3)
#

# of hands with same face

value on both lands is

↳ 2
=E

Step Step 2

probability is=
~ 0, 0588 ,

5 .
88 %



10

10

J

J

Q

Q

K

K

A

A

7

7

8

8

9

9

10

10

J

J

3

3

Q

Q

Q

Q

Q

Q

Q

Q

A

A

A

A

A

A

K

K

K

K

A
A

9
9

6
6

5
5

2
2

5

5

4

4

3

3

2

2

A

A

A

A

A

A

A

A

K

K

Q

Q

K

K

K

K

A

A

A

A

Q

Q

A

A

A

A

K

K

Q

Q

J

J

A

A

K

K

Q

Q

J

J

9

9

ROYAL FLUSH
A straight from a ten to an ace and all five cards of the same suit. In
poker suit does not matter and pots are split between equally strong
hands.

STRAIGHT FLUSH
Any straight with all five cards of the same suit.

FOUR OF A KIND
Any four cards of the same rank. If two players share the same Four
of a Kind, the fifth card will decide who wins the pot, the bigger card
the better.

FULL HOUSE
Any three cards of the same rank together with any two cards of the
same rank. Our example shows "Aces full of Kings" and it is a bigger
full house than "Kings full of Aces."

FLUSH
Any five cards of the same suit which are not consecutive. The highest
card of the five makes out the rank of the flush. Our example shows
an Ace-high flush.

STRAIGHT
Any five consecutive cards of different suits. The ace count as either
a high or a low card. Our example shows a Five-high straight, which
is the lowest possible straight.

THREE OF A KIND
Any three cards of the same rank. Our example shows three of a kind
in Aces with a King and a Queen as side cards, which is the best
possible three of a kind.

TWO PAIR
Any two cards of the same rank together with another two cards of
the same rank. Our example shows the best possible two-pair, Aces
and Kings. The highest pair of the two make out the rank of the two-
pair.

ONE PAIR
Any two cards of the same rank. Our example shows the best possible
one-pair hand.

HIGH CARD
Any hand that does not make up any of the above mentioned hands.
Our example shows the best possible High-card hand.

In poker, certain combinations of cards, or hands, outrank other hands, based on the
frequency with which these combinations appear.The player with the best poker hand
at the showdown wins the pot.

Visit selectabet.net for free chips at all the best online poker sites



Ex 5-card poker hands :

#ind

~it
↑

·
In ↑
pair + 3-of-a-kind



⑳t
*



Ex: Suppose you are dealt

5 cards from a standard

52-card deck.

What's the probability
that you get a royal

flush ?
-

The size of the sample space,

in the total
# of possible

second poken hands is

(5) = 2
,
598
,
960

How many royal flushes

are there ?

⑮ ]



⑮
⑱ S wines#
The probability of a

royal flush
is

,960 = T740
~ 0

.

000001539 ...

~ 0 .

0001539 %



= Same setup as above
,

What's the probability of

getting one pair
and

nothing better B
-

sample space
size :

165= 2
,
598
,
960

we need to count the

# of hands that
make

a pair and nothing

-better . face

A
,
2
,
3
,
4
,
5
,
6
,
7
,
8
,
9
,
10, 5, Q,K

P
,9, 8 ,0[it



Let's enumerate the pairs .

Step 1 : Pick a face value
-

for the pair .[A ,82, 3 , 4 , 5 , 6 , 7, 8 , 9 , 10 , 5, a,
possibilities in Step 1: (13) = 13

-

↑

EPDE
e2 : Pick 2 suits for the pair

⑨
,
9
,
8
,L)

Possibilities in Step 2 : (4)=



:**
m

3: Pick the other 3 face

Lvalues· They
can't be the

same as step 1
,
and you

can't pick any duplicates .

A ,X 3
,
4
,
83, 6 ,

7
,
8, 9 , 10 ,5,QL

possibilities in Step 3 : (13)==
-

# I-



# possibilities#= (4) · (i) · (4)
= 4, 4 . 4 = 64

Eti ↓ t-⑳
Thus , the total #

of hands

that are a pair
and no better

are 13 · 6 · 220 · 64
-
Step1 Step 2 Step 3 Step 4



=8, 240/

So the probability is

#098, 2400 . 4226.

i



undprobabilities

How do we make a

probability function
when you

do two

experiments in a row

Where the
outcome

of the first experiment

does not influence

the outcome of the

second experiment *



·:SupposeYou flie on ti.
Let's make a probability space

normal
for this.We use a ]

Coin & die

-

Samplespace
:

S = [(H , 1) , (H ,2) , (H ,3) ,
(H
,
4)
,

(t
,
1)
,
(T
,
2)
,
(t
,
3)
,
(t
,4)]

=T3X 51 ,
2
,
3
, 43
-
sample space

sample
space

of rolling
of flipping 4-sided die
Coin

- = set of all subsets of S



Let's make the probability function .

Can use a tree·
· (H

,
1)

H· (H
,
2)

& Y#o (H ,2)

- · (H ,4)Y2

·
(T
,
I

!-
Th

O

·
path

P((T, 3)) = 2 +
= +

38



[Why multiply ?

F



Attodo this in general

Suppose we want to do two

experiments one after the other

and the outcome of each

experiment doesn't influence the

outcome of the other.

Let (S , 12 , P , ) and

(S2 , en , P2)
be probability

spaces corresponding the first

and second experiments.

Define (S , 1 ,
P) where

S = S , XSz

and



- is the smallest 5-algebra
containing all subsets of S

of the form E
,
XE2 where

E
,
E

,
and EcEz

Define P on S = SiXSz as

follows :

P([(W ,W2(3) = P
,
(wis) · P(SW23)

where W . ES , and WES2

If S is finite and E ,
is

an event
from 12 , andEz

is an event from the the

P(f , x() = [P([(ee2])
(e ,e2)EE ,XEz



= [P,
(Se ,3) · P(Seab)

(2 , je)t EXEz

=
&[P , (Se ,

3) · Pr(ies)
e
, EE ,

CEEz

= (e) ·(e)
= P

,
(E , ) : Pr(E2)

Thus
,

P(s) = P(S ,
XSz)

= P
. (S , ) : 42 (S2)

= 1 . /

=I



=x : Suppose you have a

4-sided weighted die
labeled

1 ,
2
,
3
,
4 .

From rolling the

die lots of times
you have

determined the probabilities
are :

#delis
Let's model first rolling

this

weighted die
and then

flipping a
fair coin.



#stexperiment) execondexperiment (

S
,
= 51 , 2 , 3 , 4] Sz = EH ,T]

of
,
= all subsets -z = all subsets
of S, of Sz

P
,
(513) = 48 Pz([H3) = Yz

P
,
(323) = Y4 I Pr(ST3) = 12

P, (533)=2

P
,
(543) = Y8

hubilityspace of rolling die then flippins

S = S , XSz
= & (1, H) , (2 , H) , (3 , H) , (4 , H1,

(1
,
T1
,
(2
,
7)
,
(3
,
T1
,
(4
,
+ 13

- = all subsets of S



p([() , H(3) = P , ([13) · P. (CH3)
= = T

P(5(2 , H(3) = P , (523) · Pz(SH3)

= = t

P([(3 , H13) =-
= 4

P(5(4 , H(3) = 55. = T

P
P([(3,T13)
=2 E = E

P([(4 ,+(3)=8 - E =

16



Iprobability

e
(1 , H) = /16

O Y2
-> (1 , i) = Y16

42·
(4 ,

H) - to
42-> (4 ,+ )
- 6


